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Abstract 
I 

The problen of determining a shaping f i l t e r  f o r  nonstationary I , 

colored naise  i s  considered. 

noise in to  a possibly nonstationary radom- process (having no white 

The shaping f i l t e r  transforms white 

noise coqonent )  with a specified autocori~elat ion function. A s e t  

of conditions t o  be s a t i s f i e d  by an autocorrelation function leads 

t o  the  determination of a shaping f i l t e r .  The shaping f i l t e r  co- 

e f f i c i e n t s  a r e  simply related t o  the  solut ion of a matrix Ricca t i  

equation. 

s u l t s  concerning the  mean-square d i f f e r e n t i a b i l i t y  of a random 

process are developed. I f  the Ricca t i  equation i s  undefined, an 

autonomous (zero-input) shzping f i l t e r  nay e a s i l y  be determbed, 

I n  order t o  formulate the Ricca t i  equation, basic  re- 

, 

I 
I 

c 
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4 Introduction 

i 
\. 

0 

I 

It i s  of ten convenient t o  model a riindom process a s  the  r e s u l t  

Such a of a l i n e a r  f i l t e r i n g  operation on s ta t ionary  white noise.  

representation has proved invaluable w3en applied t o  many signal 

processirig problems, especially those associated with t h e  theory of 

f i l t e r i n g  and estimation of random s igna ls  11-61. Lr such applica- 

t i o n s  

only by i t s  autocorrelation function. 

t i o n  problems involving a minimum mean-square e r ro r  c r i t e r i o n  in- 

var iably may be s t a t ed  i n  terms of appropriate autocorrelat ion and 

cross-correlations_of given random variables or  processes C7.1. I n  

such cases, the  s t a t i s t i c a l  descr ipt ion of a randcm process given 

t h e  given random s igna l  or process is frequently specif ied 

For example, optimal estima- 

-_ 

s o l e l y  i n  terms of i t s  second-order properties,  i.e., i t s  auto- 

-cor re la t ion  function, c lear ly  suf f ices  f o r  t h e  purpose of solvi.ng 

---the estimation problem. 

A more physical description of a random process with a given 

autocorrelat ion ' function employs a linear systen ca l l ed  a shaping 

f i l t e r ,  which transforms s ta t ionary white noise i n t o  a process 

having t h e  given autocorrel-ation function. By introducing shaping . 

fi l ters,  great s implici ty  has been achieved i n  the  formulation and 

so lu t ion  of many estimation, f i l t e r i n g ,  and prediction problems. 

Wiener [l] used t h e  sheiping f i l t e r  concept impl ic i t ly ,  an6 nore re -  

cen t ly  Darlington i91, Kalman and Bucy 161, and others  used it ex- 

p l i c i t l y .  Clearly,  i n  order t o  understand the  general i ty  o r  t he  

l imi t a t ions  of a shaping f i l t e r  descr ipt ion of a random process, 

I 

c 
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one must invest igate  the poss ibFl i ty  of transforming a s t a t i s t i c a l  

description of the process in to  a shaping f i l t e r  description. The 

so-called fac tor iza t ion  problem, concerned with determining a shap- 

ing filter from a given autocorrelation function, is  the  primary 

subject  of the present investigation. 

L 

I 

! 
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For s ta t ionary  random p-messes, t he  fac tor iza t ion  problem 

has well-known frequency donain solutions . General solut ions are 

given by Wlener C13,and DcoSj[8], an2 solutions f o r  t h e  cas, a of a 

r a t i o n a l  power spec t r a l  density a r e  given by Wierrer [l], and Bode 

I 

and Shannon 123. 

rea l ized  by the  interconnection of a f i n i t e  number of lumped 

In t h e  l a t t e r  case, the  shaping f i l t e r s  nay be 

elements. For purposes of simulation or  computation, the  l a t t e r  

case has considersble p rac t i ca l  significance.  i 

I f  the given autocorrelation function corresponds t o  a.non- 

s ta t ionary  random process, the fac tor iza t ion  problem becomes par- 

t i c u l a r l y  in t e re s t ing  and challenging. 

gations of t h e  nonstationary fac tor iza t ion  problem have met wit3 

Althou.gh previous inves t i -  
- 

- varying degrees of success, the  problen has not  beer! solved i n  

general. A comqon assumption among these invest igat ions,  a s  w e l l  
L 

as the present one, i s  t h a t  the  random prqcesses under considera- 

t i o n  a r e  nonstationary analogues of those considered by Bode and 

Shannon. 

by a s ing le  l i n e a r  d i f f e r e n t i a l  equation of order 

gegerally,  by a set of f i r s t -o rde r  l i n e a r  d i f f e r e n t i a l  equations 

In other  words, a shaping f i l t e r  is represented e i t h e r  

n, or more 
_ _  

i n  r rs ta te-var iablerr  form with time-varying coe f f i c i en t s .  I n  ?he 
i 

treatment below, it w i l l  be assumed addi t iona l ly  t h a t  the shaplng 

f i l t e r  does not have a d i r ec t  connection fron input  t o  output. 

This assumption means t h a t  the output random pyocess is  well be,- 

haved i n  t h e  sense t h a t  it contains no whrite noise component. 

Thus t h e  r e s u l t s  a r e  applicable spec i f i ca l ly  t o  s t a t e  estimation 

problerns with colored measurement noise 

I 
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Among t h e  f i r s t  and most sicjccif-icant ccntri3u.tior-s t o  the 

solut ion of- t he  factor izat ion problem is t h a t  of Darlington [93, 

Darlington assumed the  existence of a s ing le  n-th order differen-  

t i a l  equation model fo r  t he  shaping f i l t e r .  

t$te-varying d i f f e r e 3 t i a l  oErators 

Using the  algebra of 

and a method analogous t o  t h a t  
1 

employed by Bode and Shannon, he exhibited global  solut ions of t he  

f ac to r i za t ion  problem, provided t h a t  the  time v a r i a t i o m  involved 

were sui tably defined and r e s t r i c t ed .  The coef f ic ien ts  of t he  

shaping f i l t e r  may be obtained frorn the solut ions of a r e l a t ed  l i n e a r  

d i f f e r e n t i a l  equation. 

Batkov [lo], a t  about the same time as Darlington, proposed an 

However, accord- 
... - 

algebraic  solut ion of t h e  fac tor iza t ion  ppoblm. 

ing t o  S tear  [lll, Batkov's me2hod fails except in c e r t a i n  spec ia l  

cases. 

t i o n  of t h e  problej. 

cep t  i n  spec ia l  cases, 

R. P. Webb, e t  a l .  f121, considered a s ta te -var ia3 le  solu- 

Their solut ion too appears t o  be inva l id  ex- 
-- - 

Other relevant investigations are those of Kahan 1131, Stear  

[ll], and Anderson 1141, and are concerned w i t h  s ta te -var iab le  
-. I 
f 'rmulations. Although Kalrnan did not solve the fac to r i za t ion  

pqoblem, he was able  t o  es tab l l sh  a formal de f in i t i on  of t he  problen, 

d e  r e s u l t s  of S tear  and Anderson, although de-rived by d i f f e r e n t  

._ 

3 
I 

! 

methods, a r e  similar and appear t o  provide a s i g n i f i c a n t  f i r s t  

s t e p  i n  demonstrating t h e  existence of a f ac to r i za t ion  f c r  t he  

general  nonstationary case. 

The present investigation may be regarded as an attempt t o  

L 

develop a r e a l i z a b i l i t y  theory f o r  shapj-ng f i l t e r s  having a s t a t e -  

I 
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vgriable representation. CondFtions are developed. which, if 

s a t i s f i e d  by an autocorrel-ation functioa,  gua-rantee t h a t  a shaping 

f i l t e r  may be determined. 

. Problem Forfiulat ion 

The class of shaping f i l t e r s  t o  be considered i rc lxdes those 

which may be represented by the  set  of l i n e a r  d i f f e r e n t i a l  eqJations" 

The input  u ( t )  is  a sca l a r  representing a zero mean white' noise 

process, so t h a t  - , 
I --- -. 

E[u(t) u (T) ]  = 6 ( t  - 7 ) .  
1 

The s t a t e  x ( t )  i s  an n-vector and the  output y ( t )  a sca la r .  

coef f ic ien ts  i(t) and B(t)  a r e  real-valued n-vectors. 

The 

We assume 

t h a t  t h e  shaping f i l t e r  corresponding t o  (1) i s  causal,  i .e.,  non- 

an t ic ipa t lve .  The representation (1) is  completely general  5n the  

sense t h a t  any set of d i f f e r e n t i a l  equations i n  *t~tate-var ia31er:  

fo&n may be transformed t o  (1) by a su i t ab le  change of coordinates, 

Although the absence of a f eeback  matrix i n  (1) may make t h i s  form . 

unsui table  f o r  p rac t i ca l  simulation, t h e  theory of equivalent sys -  

tems [153 i s  s u f f i c i e n t l y  developed t o  ind ica te  when the  above 

system has an eqxivalent but p rac t i ca l  realiza" '  Lion , 

In  what follows, it should be assumed t h a t  t he  in i t ia l  value of 

t h e  s t a t e  var iable  xo = x(t ) is derived from a zero-mean randon 0 

The superscr ipt  t w i l l  be used t o  denote matrix t ransposi t ion 
and t h e  synhol k ( t )  t h e  first der ivat ive of z ( t ) .  .When the  con- 
t e x t  i s  c l ea r ,  the  exp l i c i t  dependence of a functiori on i ts  
argument :~wiI.l be suppressed. 
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vcariable uncorrelated with the white noise input u ( t )  . The output 

y ( t )  i s  then a real-valued, zero-mean random process with autocor- 

r e l a t i o n  function 

For purposes of analysis,  one may calculate  r ( t , T )  i n  terms 

of t he  coef f ic ien ts  $ ( t )  and 6 ( t )  i n  a straightforward way. 

terms of a matr ix  M(t) defined by 

I n  

t 

to 

t h e  autocorrelat ion function i s  

for t > T. For T > t, the above development m y  be repeated t o  

y i e l d  

Thus, combinj-ng (4a) and (4b) ,  we have 

- .One may e a s i l y  ver i fy  t h a t  t h e  matrix M(t) i s  the  covariance 

matrix of t he  s t a t e  vector, i.e., 

(6 1 M[min(t,r)l = E[x(t)x t (711, 

where x ( t )  i s  the  s t a t e  'vector of t h e  shaping f i l t e ? .  The saliept 

propert ies  of M(t) a r e  statec! in t he  following Lema, which generalizes 

a r e s u l t  of Doob [161. 

L e m  1. L e t  a covariance matrix M be defined as i n  equation (6). 

Then M i s  symmetric and 

(4 wd 2 0, f o r  a l l  t 

< 
L - 
a -*- 

For r e a l  sp-trnstric matri.r,es A - and  B, t h e  na t r ix  inequ.al5.ty 
A 2 B means that  the  matrix (A-E) is  non-ncgstive &fini te .  



! 
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. .  

Proof : That M(t) 2 0 and is  symn-etric follows by inspec t ion  of 

* ' ( 6 ) .  P a r t  (b)  i s  establ ished a s  follows: 

8 

t 0 * E[x(t2) - x(t,)ICx(t2) - x(t ,)I  

L I 

The l a s t  equal i ty  follows from ( 6 ) .  I 
I 
1 

.'- 

Note t h a t  M ( t )  as defined by equation (3)  i s  d i f f e r e n t i a b l e ,  SO 

t h a t  from the Lemma, M(t) 2 0. 

- Defin i t ion  1. A symmetric, d i f fe ren t iab le ,  real-valued matrix 

I 

M ( t )  will be ca l led  admissible i f  M(t) i s  non-negative d e f i n i t e  

and non-decreasing. 
I 
i 

The development above makes clear that  admissible n a t r i c e s  

w i l l  play a c r u c i a l  r o l e  i n  what follows. 

func t ion  r ( t , T )  bears a simple r e l a t i o n  t o  the s ta te  variance 

m a t r i x  M ( t ) .  

which severa l  important properties of r( t ,T )  a r e  derived. 

According t o  ( S ) ,  t he  
I 

I 
I 
I 

, 
This r e l a t i o n  i s  used i n  t h e  following Theoren, i n  

Thoo-rein l.+: L e t  t he  r e l a t i o n  

''' T'neorems 1,3, and 5 wer.e s ta ted  without proof i n  1221. ' 
c 

i 
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where M(t) i s  an admissible matrix, define a funct ion r ( t , r ) .  Then 

,’: r( t , T )  s a t i s f i e s  t he  following: 

A I .  r ( t , T )  i s  separable;  i .e . ,  there  e x i s t  real-valued vectors  

A 2 .  r ( t , T )  i s  synnetr ic ;  i . e . ,  

+ 
and 

? 

-A3. r ( t , T )  i s  non-negative d e f i n i t e ;  i .e . ,  f o r  any choice of 

m i n s t a n t s  tl 5 t2 5 ... t for any choice of scalars 

cy CY*’ ... cy and f o r  any f i n i t e  in teger  m y  the folbowing 1’ m y  
- .quadratic form is  nonnegative: 

-- Proof: The f i r s t  asser t ion  follows by equating 

Symmetry i s  apparent by inspection of ( 5 ) .  I n  order  t o  prove the 

t h i r d  a s se r t ion ,  def ine matrices blY ..I Am as I 

I 

! 

t 



A1 = M(tl) 2 0 

\ = M(tk) - M ( E ~ - ~ )  2 0, for k=2, . . . m . 
I 

Then i Q becomes 

m m m  

m m 

c 

where l!*If denotes the  Euclidean norm, and <I2 a raal-valu.ed scpare- 

root  matrix of gk. 

I 

It i s  well  known E171 t h a t  an a rb i t r a ry  function r(t,'r) i s  an 

autocorrelat ion function if and only i f  r ( t ,T)  saisisfies A 2  and 

A 3  of the  above Theorem. A 1  r e f l e c t s  t he  f a c t  thzt t he  shaping 

f i l t e  has a finite-dimensional s t a t e  space. We assume henceforth 

t h a t  F( t ,T) s a t i s f i e s  A l - 3 3 .  

, 

I 
I n  order t h a t  a shaping f i l t e r  corresponding fo T ( t , T )  e x i s t s ,  

it i s  necessary and s l i f f ic ien t  t h a t  ( 5 )  be s z t i s f i e d  f o r  some ad- 

.missible m-atrix M(t) f o r  which rank M(t) s 1. 

been demonstrated i n  the  calculztion leading t o  ( 5 ) .  

Nezzssity has already 

To prove 

I 

I 

! 

L 
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c 

suff ic iency,  note  t h a t  t h e  shaping f i l t e r  coef f ic ien t  B(t) may be 
t -  i 

.’; determined from M s ince B B  = M . A random i n i t i a l  value of the  

s t a t e  a t  t=t may be chcsen from an ensemble for. which 
0 

EIX(to)X t ( t o ) ]  = M(to). 

Since r ( t , r )  s a t i s f i e s  A l ,  w e  may equate 

b within a constant l i nea r  transformation taken a s  i d e n t i t y  

f o r  convenience. Equation (8) may be regarded as t h e  bas ic  

. 
equation t o  which an admissible matrix so lu t ion  M(t) must be 

sought i n  order t o  obta in  the  desired shaping f i l t e r .  

The Derivative of a Random Process 

Some new r e s u l t s  concerning the  existence of a der iva t ive  of 

a random process will be presented i n  t h i s  sect ion.  These r e s u l t s  

are Certinent because a parameter defined shor t ly  associated with 

d i f f e r e n t i a b i l i t y  of t he  process i s  used i n  determining t h e  coef f i -  

. c len ts  of t h e  shaping f i l t e r .  

The concept of mean-square d i f f e r e n t i a t i o n  i s  def ii-ted belob. 

Defini t ion 2.  L e t ’ y ( t )  be a random process f o r  which E[y2(t)] < 

f o r  a l l  t i n  T, an in t e rva l  of i n t e r e s t .  The process y ( t )  has a 

der iva t ive  i n  the  mean-sqyare ---J sense denoted by E ( t )  o r  y ( l ) ( t ) ,  

! 
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where t+h 5s i n  T, and 1 . i . m .  denotes l i m F t  in t h e  mean squa-re sense. 

For brev i ty ,  t he  process y ( t )  w i l l  simply be called t h e  der iva t ive  of 
' .  

Y(t>,. 

! A well-knovm condition f o r  t he  existence of a der iva t ive  of a 

random process is s t a t e d  in  the  following Theorem. 

Lceve E171 is  omitted. I 

The proof, due t o  

Theorem 2. y ( t )  has a derivative a t  t i n  T if and only i f  t h e  

func t ion  

e x i s t s  and is  f - k i t e  a t  t h e  point ( t , t > ,  

Theorem 2 i s  general ly  d i f f i c u l t  t o  apply. We derive below a 

-- -m.o~e e a s i l y  appl icable  d i f fe ren t ia t ion  c r i t e r i o n .  Assume that t he  

vectors  Q and y given i n  A 1  a r e  contbuous ly  d i f f e ren t i ab le ,  and 

def ine  a funct ion 

t' - t 

I 

c 

1 

I 
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n- lne f ollovilng Theorem establishes t h s  d i f f s r e n t i a t i o n  c r i t e r ion .  
* 

Theoren 3 .  

function s a t i s f y k g  Al- A 3  and l e t  d * ( t )  be defined by (9) .  

Let y ( t )  be a random process having an autocorrelat ion 

Then 0 
2 

* y ( t )  i s  d i f f e ren t i ab le  at- a point t i f  and only i f  do ( t )  = 0.  

Proof. To prove the "only if1: pa r t ,  note t h a t  i f  $ ( t )  ex is t s ,  then 

J?[y2(t)] = xirn EC(y(t') - y(t))23 < ~ 

t'"t ( t '  - t ) 2  

2 from Theorem 2, and from (10) it i s  c l e a r  t h a t  d ( t )  = 0. To prove 
0 

the r r i f t r  pa r t  consider the  continuous function - r ( t , T )  a with t fixed 
a t  

and T varying. From Al, 

'< . .  

2 a I f  do ( t )  = 0, then - r(t , . r)  i s  a continuous function of T a t  
a t  the point  T = t. Since the functions $ ( t )  and y ( t )  a r e  con- 

tinuously d i f f e ren t i ab le ,  t he  function - a r(t,.i) has both a l e f t -  
a t  

hand and right-hand der ivat ive with respect  to 

T = t. 

T a t  the point 

These der iva t ives  a r e  equal and t h e i r  coixio;: value is 

Then from Theorem 2,  $(t) exis ts .  

. . .. . 

! 
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. 
Theorem 3 has an important corollary which wil.1 be used i n  t h e  

seqcel.  

as follows: 

This corol lary requires index fu.nctions d . ( t )  2 t o  be defined 1 

Copollary 1. L e t  t h e  functions Or and y possess a t  l e a s t  k - 
continuous der ivat ives .  Then a random process y ( t )  has a k- th  

der lva t ive  y(k) ( t )  a t  a point t i f  and only if the  functions do ( t ) ,  2 
r) n 

( t )  a r e  a l l  zero a t  t. In  addi t ion,  i f  k+l  deriva- d;-l 

t i v e s  of $ and Y exis t ,  thus allowing dk(t) 2 

i n e q m l i t y  d,,(t) 2 

d;(t), * * e  

t o  be defined, t h e  

2 0 is  val id  a t  t he  point t. Finally, - 
'. 

Proof. The f i r s t  and second asser t ions  follow from t h e  previous 

-theorems and by induction on k. 

T'neorem of Loeve (1171, p. 471). 

The las t  a s se r t ion  follows from a 

We s h a l l  assume for the remainder of t h e  paper t h a t  r ( t , T )  

s a t i s f i e s  t h e  hypotheses of the above Corollary as w e l l  as A1-A3 

of Theorein 1; t h a t  i s ,  r ( t ,T )  s a t i s f i e s :  
\ 

! 

A 4 .  The given functions @ ( t )  and ~ ( t )  possess a t  least 

continuous derivatives on 

k + l  

T, t he  i n t e r v a l  of i n t e r e s t .  

1 

A 5 .  d i ( t )  = 0 f o r  a l l  t i n  T and f o r  0 L i L k - 1 ,  and 

! 
d k ( t )  f 0 f o r  all t i n  T. 

I - 4 -.- .. 
The k- th  der iva t ive  o f ' a  raridon process OP function f ( t )  i s  de- 
noted by f ( k ) ( t ) .  
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Furthemore,  T i s  t o  be consi.dereci an open in t e rva l  so t h a t  desired 
e 

derivat ives  will e x i s t  a t  Fnteri.or points of T. 

A s  a notat ional  convenience we s h a l l  define the  f ollowi.ng 

;$ matrices : 

I 

, 

and 

The previous Corollary implies t h a t  R . is synunetric, non-negative 

d e f i n i t e ,  and t h a t  
k 

R; = E[Yk Y:] = Gk t t  rk = rk t pk . 

An important property, t o  be used shcr t ly ,  i s  t h a t  R (t) i s  non- 

s in&lar .  
k 

We es t ab l i sh  this r e s u l t  by using t h e  following Lema, 

Lemma 2 ,  Let r ( t , r )  s a t i s f y  A 1 4 3  with @ and y m+l times 

d i f fe ren t iab le .  I f  d, (t,> > 0 for some t i n  T and di ( t ) .  3 0 

f o r  0 5 i m - 1  and f o r  t i n  a neighborhood ccctaining tl, then 

2 2 
1 

I 

r ( t l , t l )  > 0. 

PI Procf. 

A 3  implies r ( t , t l )  = r ( t l , t )  = 0 f o r  a l l  t i n  T. Therefore 

The Lema i s  prover? by contradiction. Let r ( t l , t l )  = 0. 

r ( t l , t )  = 0 , di 
’. 1 dtli r ( t  t ) = -- _c. di 

d t i  

I 

i 
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OP 
c 

2 
, f o r  a l l  t i n  T. For t h e  case m = 0 ,  (13) implies d (t ) = 0 .  0 1  

For the  case m = 1, the  equality 

may be d i f f e ren t i a t ed  t o  yield 

for t in  a neighbo-rhood of t Different ia t ing (14) and evaluating 1’ 

t h e  r e s u l t  a t  t = tl yields  

2 which implies from (13) and (11) t h a t  dl (t ) = 0. The case f o r  1 

i 

general  m i s  proved i n  a straightforward way using t h e  preceding i 

d i f f e r e n t i a t i c n  argument. 
-- I 

I 

i 
i 
I 
I 

I 

We now show t h a t  is nonsinguiar. 

. Theorem 4. Let r ( t , r )  s a t i s fy  A l - A S  on the  open i n t e r v a l  T. Tien - 
t h e  matrix is posi t ive d e f i n i t e  everywhere i n  T. 

I_.- Proof. Assu.me t h a t  % is  s i n y d a r  a t  - t = t Then f o r  sone 2 5 k, 

and f o r  some s e t  of scalars a 0 . -  se  with ah  f. 0 the ’random process 0’ 
ai L -  

P 



z ( t )  defined as 
c 

17  . 

i=O 
I 
\ .  

vanishes a t  t = t with probabili ty one. Define - r ( t , T )  as c ( t ,T)  = 

E [ z ( t )  z ( . i ) ] ,  which s a t i s f i e s  the  hypotheses of Lemma 2 with 
1 

m = k-1 . 
But from Lema 2 

i 

1 t=T* 

which implies aA = 0, a contradiction. Hence % i s  nonsingular and 
- 

f r o m  (12) posi t ive de f in i t e  everywhere i n  T. 

- - ._.. 

Derivation of a ShSpinq F i l t e r  

We s h a l l  use &e r s s u l t s  6f the previous sect ion t o  deter@-ie an 

-ad. i iss ible  solut ion M(t) o f -  the basic  equation (8). The fol-lowing 

Theorem shows t h a t  M( ' i )  may be obtained as a solut ion of a mtrix 

Riccati equation. 

-- . a. n 

meorem 5. Let r ( t , T )  s a t i s f y  conditions A l - A 5 ,  Then the  following - 
asser t ions  a r e  valid.  

(i) If y ( t )  = Y(t) @(t) on T, where M ( t )  i s  synmetric an6 the  
0 

rank of M(t) 5 1, then M ( t )  s a t i s f i e s  the following Ricca t i  

d i f f e r e n t i a l  equation : 

! 
I. 

Although derived ind.opendentl-y, t he  rnzthoc?s used t o  'oFt-aIn the  r e su l t s  
s ta ted  ir Tl?ecrerLi 5 are  essent ia l ly  the sane  as those employed by 
Anderson h 4 1 ,  who cbtairtecl sirnjlar results f o r  t'h spec ia l  case k = 0 .  



( i i )  k t  M be any syrnnetric non-negatlvc d e f b i t e  m.atrix 0 
. .  which s a t i s f i e s  

fo r  some to i n  t h e  open in t e rva l  T. If M(t) i s  the  

solEtion of equaticn (15) having t h e  i n i t i a l  value 

M( to )  = &lo, then M(t) is  admissible and T' ( t )  = M ( t )  ? ( t )  

for all t > t i n  a neighborhood of t Furthermore, 
0 0. 

t he  coef f ic ien t  B ( t )  may be .evaluate< a s  

k k 

FYmf. - Par t  (i) is proved by induction: . By assumption 

-i =.-BB' where B is an n-vector. Assume Y (i) = M@ (i)o 

--kg this expression and pre.-multiplyfng by @ (i) y ie lds  

Y = Md and 

Dif f e r en t i a t -  

OS i g k .  Fcr  i = k w e  have from t h e  preceding argument 

or 

Post-multiplying t h i s  expression by its transpose y ie lds  the  d e s i r e d  



..- 

i 

The assert5on in par t  ( i i )  r, 
c 

ill he proved by exh-ibitiny a 

homogeneous linear. d i f f e ren t l a1  equation, the so lu t i cn  of which is 

a vector of dimension n(k+l) which has as components t he  columns 

k' , a  of the matrix ';c - M P 

Consider t he  r i g h t  menher the  fo1loiAling i d e n t i t y  : 

. 
Subs t i tu t ing  equation (15)  f o r  M yields  

0 R) (dk+l) - €4 Q (k+l))(y(k+l)t $ - @(k-tl)t M 
(rk - PI - 

dk2 
0 

(k+l)t If t he  quant i ty  @ 

parentheses, t h e  following expression r e s u l t s  : 

i s  added and subtracted i n  t h e  right-most k 

L e t  e represent  t he  (k+l)-dimensi.ona1 unit vector with uni ty  in t he  - 1  
( k + l ) - s t  pos i t ion  and. zero elsewhere. Th2n t h e  last expess i cn  becomes. 

which may be expand4 as 

(k-t-7.) - K q j  -(s-M d gk) = [$ - (k+l )  
d t  $ - (y  

. 

, 
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t 

Define a matrix A as 

! 

and l e t  q i  denote t h e  i - t h  colurrn of t he  matrix Tk - Mk. 

t h e  standard existence theorem f o r  ordinary d i f f e r e n t i a l  equations 

L181, t h e  m t r 5 x  A defined in  terms of M e x i s t s  i n  a neighbor- 

hood of t h e  point t = to. I n  terms of A and qi, (18) may be re- 

wr i t t en  as the followk-g set  of d i f f e r e n t i a l  equations. 

Fron 

= Ao! + q1 

. 

According- t o  the  hypothesis of t h e  Theorem, the  i n i t i a l  condition 

f o r  (19)  i s  qi(to) = 0. 

so lu t ion  q . ( t )  = 0 f o r  all 

the matrix M(t) exis ts  and f o r  all 0 

Since (19) is  l i n e a r ,  it has t h e  uniqLie 

t i n  t he  neighbgrhood of to f o r  which 
1 

i * k 

, 



.. . . .  
. .  . .  . . .  . .  

-" 
21 

.L 

The ~ ~ * ' , r i x  M(t) i s  admissable because 1.1 i s  non-negative 
0 

i d e f i n i t e  and symmetric, and Mmy be expressed as an outer  product 

f3Bt, where B ,  from (17), i s  real-valued. 
! 

. T'nerefore, the  matpix M(t), obtaimcl as a so lu t ion  of the  

R icca t i  equation, s a t i s f i e s  the basic  equation (8). The coeff i -  

c i e n t  vector i3 is evaluated from (17). In orser t o  complete the  

descr ipt ion of t he  shaping f i l t e r ,  t he  existence of an i n i t i a l  

covariance matrix Mo sa t i s fy ing  (16) ndst be ver i f ied ,  

Let A be any covaiance  rratr ix  s a t i s fy ing  bomk(to) = 0. 
0 

Such a A. always ex i s t s .  From Theorem 4 R ( t  ) is nonsingular. Let k o  

Matrix PIo so  defined cer ta inly s a t i s f i e s  (16). Koreover it is 

easy t o  show, as  was done i n  C191, t h a t  any matrix Mo s a t i s f y k g  

(16) may be expressed a s  i n  (20). Therefore rk('o)% -1 (to)rE(to) 
I .  

I 

he smallest  matrix ( i n  terms of t h e  associated quadratic fora)  

s a t i s f y i n g  (16). is i 
I 
I 

Theorem 5 s t a t e s  t h a t  the covariance of t h e  s t a t e  var iable  

of a shaping f i l t e r  must s a t i s f y  the  R icca t i  eqiat ion (15).  Con- 

versel.y, any so la t ion  of (15) with i n i t i a l  value sa t i s fy ing  (15) 

yie lds  a shaping f i l t e r  ccrresponding t o  the  g i v m  autocorrelation 

function. Hence the  equ.ations (15)  and (17) Frovide a prcscr ipt ion 

f o r  determining the shaping f i l t e r  c o s f f i c i m t s .  

I 
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However, solutions of (15)  a r e  p a r a n t e e d  t o  e x i s t  only  L-L a 

It is  possible t h a t  a .' l o c a l  neighborhood of the  i n i t i a l  time to. 

solut ion of (15) m ~ ?  become unbounded a t  a f i n i t e  time t 

Clearly,  such a solut ion yields a shaping f i l t e r  defined o n l y  i n  
1 > to- 

t h e  f i n i t e  i n t e r v a l  t * t < t l .  This phenomenon i s  examLned in 
0 

t h e  following example e 

L e t  

and let 

-5 e 2 t  - I  12 

I n  th i s  example, n=2 so that matrix M ( t )  has order 2. 

regarding the  basic  equation (8)  as a l i nea r  constraint  on N ( t ) ,  

equation (15) may be transformed into a sca la r  equation of t he  

R icca t i  type.  

M (t), t h e  (2,2) element of the matrix I . l ( t ) .  

However, by 

The new equation may be solved f o r  the scalar 
* 

The sca l a r  R i c a t t i  . s  

* I n  the  general  case the R i c c a t i  equation (15), of order n, may 
be reduced t o  one of o d e ?  n-k-1, C193. 

! 

c 
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equation corresponding t o  ( 2 1 )  i s  

The general so lu t ion  of ( 2 2 ) ,  i l l u s t r a t e d  i n  F igure  1, is 

for t = 0. 

a t  a f i n i t e  t i n e  tl > 0 so that M s ( t )  w i l l  39 unbounded as 

approaches tl. 

I f  Ms(0) > 25/4, t h e  deriopinator of (23) w i l l  vanlsh 
0 

t 

If Ms(0) 5 25/4, then Ms(t) i s  well beha.ved. 

Two sa lx t ions  of ( 2 2 )  a re  of spec ia l  i n t e r e s t .  The so lu t ion  

4 t  M s l ( t l  = 25 e /4  

corresponds t o  M ,(O) = 25/4. The so lu t ion  
S- 

corresponds t o  Ms2(0) = 1/4. Evidently from ( 2 3 ) ,  
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for  a l l  Ms(@) < 25/4. 

k t h e  sense of Liaptunov 

soLution M ( t )  i s  asymptotically stab!k. Note t ha t  s ince  (21)  

corresponds t o  a s t a t iona ry  random process, shapLrg f i l t e r s  may 

also be determined by the  method of Bode and Shamon [21$ which 

Therefore t h e  solut ion M ( t )  i s  unstable  sl 
: and reprssents a separa t r ix ,  and the 

S 2  

y ie lds  the  fo1lowir.g two t r ans fe r  functions fo r  t ime-invariant 

shaping f i l t e r s  : 

and 

s-3 H.,-(s) = --- (s+l)(s+2) ' 

s +3 H2(s)  = - (s+l)(s+2) 

0 the s p e c i a l  s o h  Tnese t r a n s f e r  functions correspond ioris 

M s l ( t )  and Ms2(t) respectively.  Thus t h e  time-domain sohi t ion  

for'Ms(t) shown in Figure 1 revea l  spec ia l  p o p e r t i e s  of the 

cla s i c a l  frequency-domain solut ion f o r  t h e  t r a n s f e r  funct ion 

H ( s  . 
The f i n i t e  escape t i m e  phenomenon i l l u s t r a t e d  i n  Figure i 

1 
appears t o  be c h a r a c t e r i s t i c  of problem i n v o l v i q  a Ricca t i  

equation. Sone recent wcrks of Bucy E201 2nd Kcxe and 

Anderson 1211 r epor t  su f f i c i en t  condltions f o r  so lu t ions  of d 

Ricca t i  eopation t o  be wel l  def ined  i n  t h e  f u t u r e .  

c 
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A Singular Case _I 

The defini.+ion of the  Riccat i  eqLiation in t h e  pyevious sect5.0~. 

requires  t h a t  fo r  some integer k ,  dk(t) f 0 f o r  all t i n  T. How- 

ever a shaping filter may be determined i n  cases f o r  which no such 
2 in teger  e x i s t s .  We show here t h a t  i f  d i ( t )  E 0 on T f o r  

0 5 5 I= n-1, then the  bas ic  equation (8)  i s  s a t i s f i e d  by a constant 

mat r ix  M on a subinterval  TI of T. 

2 Suppose d i ( t )  E 0 or. T f o r  0 I; i n-1. Then t h e  random 

process y ( t )  i s  a t  l e s s t  n t i m e s  d i f f e ren t i ab le  (from Theorem 3 

znd i t s  Corctllary) and the  matrices Ri(t) ex i s t  f o r  0 5 i -s n . 
._ 

For some t i n  Tj--redefine the integer  k as 

rank R (t) = k+l . n 

Note t h a t  k+l n-1. Since R J t )  i s  continuous by assumption, 

rank % ( t )  = rank %+l(t) = k+l f o r  all t i n  T' , a subinterval  

of T. The main r e s u . l t  of t h i s  sec t ion  follows. 
.. 

Theorem 6. Let r ( t , T )  s a t i s f y  A l - A 4 ,  l e t  rank %(t) = 

rank €$+l(t) -- k+l for a l l  t i n  T ' ,  and assume t h a t  t h e  cop.ponent 

functions $,(t), ... QI ( t )  are l i n e a r l y  independent on T'. Define n 
. M ( t )  as 

z 
a shaping f i l t e r  f o r  r ( t , T ) .  



.- 

P~-oof. 

~(~+’)(t) m y  be expressed as a linaa-r cof i ina t ion  of t h e  processes 

Sinze %(t) and %t-l(t) both have rmk ksl on T’ then 

.’ 

t in T’ . This I in ear co rrh ina  t i on 

mayibe expressed as 

t 
k for  s o ~ e  matrix A(t) .  Post-rn2-I-tiplying by Y ( T )  and tak5r?g the  

expectation of the  r e s u l t  y i e l d s  
’.. 

where 

I 

8 

Transposing (25)  and not ing t h a t  

i 

y ie lds  

’’ The de f in i t i on  of %( t)  i n  ( 1.2) coincides w3.th. %( t ,.T) cief :ir& 
by (261, fo r  T =I t. 

c 
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and from equation (27)  

Since the functions Ql ( t ) ,  ..., Qn(t) a r e  l i n e a r l y  i.ndependent 
- 

OD T' by assumption, (28)  yields  

8 

L 

Define M ( t )  a.s 

/ 
I 

. 

Clearly,  M(t) i s  defined f o r  a l l  t i n  T'. From the  proof of 

Theo?.ern 5 ,  M(t) is  a covariance matrix and satis€ies 

for all t i n  T' . 
nus t  be established t h a t  M(t) is  non-decreasing. 

I n  order t o  shoc?t t h a t  K( t )  i s  admlssible, it 

W& show below t h a t  

M ( t )  i s  constant  f o r  t i n  T' , and i s  therefor?  non-decreasing. 
I 

c 



Dif f e r en t f a t ing  ( 30) y i e l d s  

! 

Howver,  the  derrivative P (t) m y  3e expressed as 'k 

i 

28 

. 

Subs t i t u t ing  (29)  and ,(32) 5nto ( 3 1 )  yi-elds 

for all t in T'. Therefore M i s  an admissible matr5x and 

r ( t , T . )  my be expressed as 

i 

Since M is constant,  the sha?ing filter has the  f o m  

. 



29 . I  

where the  i n i t i a l  s t a t e  xo i s  a random vmiable  with covarimce 

8 ;  m t r i x  M defined by equation ( 3 0 ) ,  and x ( t )  = x Furthwmore, 
0. 

s ince  the  rank of M i s  k+l ,  t h e  shaping filter m y  be reduced t o  

one of order k+l. 

functri.ons @ . ( t )  a r e  l i nea r ly  independent i s  not r e s t r i c t i v e  since 

The assumption ir! the above Theorem t h a t  the  

1 
I i f  it i s  not s a t i s f i e d  the separation of r ( t , ' i )  i n  A1 may be re- 
j 

, 
duced t o  one of lower order by forming appropriate l i n e a r  conhi- 

nat ions of the  functions Gi(t). These 15near combiqations w i l l  

then be l i n e a r l y  independent on T'. 

Note fina!!ly t h a t  the  class of autocorrelation functforzs t o  ! 
, 

which Theorem 6 applies corresponds t o  random processes which m y  

be represented by a truncated Karhunen-Loeve expnsioii .  

c 

i 
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Conclusion 

'Elis invest igat ion was concerned with the  synthesis of 

s h a p i q  f i l t e r s  corresponding t o  separabl-e and d i f  ferentiab1.e 

autocorrelat ion fumt ions .  The determ5nation of a shaping f i l t e r  

is  bas& on a set of conditions ( A l - A 5 )  t o  be s a t i s f i e d  by t he  

au tocorre la t ion  function. If the  conditions a m  s a t i s f i e d ,  real-- 

valued coef f ic ien ts  of the shaping f i l t e r  may be determined by 

so lv ing  a matrix Riccati  

greater than the  order of the shaping f i l t e r .  

equation cannot be defined anywhere on an in t e rva l ,  then an 

d i f f e r e n t i a l  equztion of order no 

I f  t h e  Riccati  

- ;  
! 
j 
i 

au.tonomoix shapir-g-f i l t e r  m&y be determined on t h e  h t e r v a l  

instead.  
I 

In  order t o  formulate t h e  Ricca t i  equation, it was necessary 

t o  develop and prove r e s u l t s  concerning t h e  mean square d i f f e r -  

en t i ab i l - i t y  of a random process. Tne r e s u l t s  are thus appl icable  

t o  axtocorrelat ion functions corresponding t o  "colored noise", 

i.e., possibly nonstatlonary random processes which do not contain 

I 

wh..ite noise  as a component. 

! 

c 
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REGION OF SOLUTIONS 

ESCAPE TIME 
,HAVING FINITE 

REGION OF SOLUTIONS 
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Fig .  1. I l l u s t r a t i n g  behavior of s o l u t i o n s  of 
e q u a t i o n  (22)  f o r  v a r i o u s  i n i t i a l  v a l u e s  o f  
WS(o). 
t o  t i m e - i n v a r i a n t  s h a p h g  f i l t e r s .  

S o l u t i o n s   PI^^( t)  and ~ ~ ~ ( t )  corr:espond 


